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Introduction.
A compact semilattice 5 is a compact, idempotent, commutative topological semigroup with identity. The standard example of such a compact semilattice is the unit interval [0,1] under the operation xy = max{x,y}.
It is an old problem to decide whether a compact semilattice allows an embedding into a power of [0,1], i.e. whether there are enough continuous semilattice homomorphisms into the unit interval to separate points. Jimmie D. Lawson [4] constructed the first two examples of compact semilattices with no nontrivial continuous homomorphisms into [0,1]. Up to today, only one other such example is known, and this example is derived from a compact convex set without extreme points. The constructions for those examples are fairly complicated.
Thus it became an interesting question to find topological restrictions which force a compact semilattice to allow enough semilattice homomorphisms into the unit interval to separate the points. Again Jimmie Lawson [3] has shown that a topological semilattice on a finite dimensional Peano continuum or on a compact totally disconnected space must have this property. His two counterexamples live on a one-dimensional metric continuum and on an infinite dimensional Peano continuum, respectively.
In this note, I shall give an easy construction of a compact semilattice L without any nontrivial homomorphisms into the unit interval. As a topological space, L will be homeomorphic to the Hubert cube. Furthermore, L has the interesting property that is order generated by its irreducible elements. Then an -(en,ln2/ln(n+l)) E S. Since lim"_00 an = (z, 0) there is an integer N such that an E U for all n > 0. Let un E [0,1]N be the vector having 0's in the first n -1 coordinates and l's in all the others. Clearly f(un) = 1 for all n. Since (um, 1) = limfc_+oc, am ■ ■ ■ am+k, we conclude that (um, 1) E U for every m> N, and since limm_00(tim, 1) = (z, 1), we arrive at the contradiction (z, 1) E U.
Consider the (closed) equivalence relation © on S which has / = {(x, 1) E S: x E [0,1]N} as its only nontrivial equivalence class. Then / is an ideal of the semigroup S, and the Rees quotient S/I = S/Q carries again in canonical way the structure of a compact semilattice. Now (2) and it follows from the Minkowski inequality that this is a convex function. Hence (p x id)-1 (S) is a convex set, i.e. S is homeomorphic to an infinite dimensional compact convex subset of Hubert space. It follows now from a classical result of O. H. Keller [2] that S is homeomorphic to the Hilbert cube. Finally, we obtain that (p x id)_1(7) is a face of the compact convex set (p x id)-1 (S1). It now follows easily from Hilbert cube theory that S/I is homeomorphic to the Hilbert cube.
